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Abstract
According to quantum electrodynamics, in a strong magnetic field that is constant and spatially
uniform, the vacuum becomes polarized with a refractive index greater than unity. As a result,
ultra-relativistic charged particles travelling in such media can emit Cherenkov radiation with a
power spectrum directly proportional to the photon frequency ω. Therefore, by extrapolating ω
beyond the critical synchrotron frequency ωc, the Cherenkov radiation will eventually dominate over
its synchrotron counterpart. However, such extrapolation is problematic because when ω > 2me
and with the magnetic field close to the critical value m2e/e where me is the electron mass and e
the electric charge, photo-pair production γ → e−e+ becomes dominant. In this letter, we show
that below the photo-pair production threshold ω ≤ 2me and with ω  ωc, given the γe-factor of
an electron travelling normal to a constant and spatially uniform magnetic field B, the Cherenkov
radiation becomes dominant when γe(|B|/Gauss)2 & 1033. Nevertheless, its contribution to the
flux density and total power output remain negligible comparing to the synchrotron radiation.
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In order to discover new physics from astronomical observations, it is important to under-
stand the mechanisms in which electromagnetic radiation are produced by the astrophysical
sources. In most cases, synchrotron radiation produced by accelerating charges provide an
adequate account of observations from which astronomers are able to obtain information on
the electromagnetic fields in the vicinity of sources such as pulsars. However, these are not
the only possible mechanisms of radiation production. According to quantum electrodynam-
ics (QED), as the electromagnetic fields approach the critical value m2e/e where me is the
electron mass and e the electric charge [1], the vacuum becomes polarized with a refractive
index greater than unity [2, 3]. As a result, for ultra-relativistic charged particles travelling
in such media, the emission of Cherenkov radiation becomes a real possibility. Taking into
account the effects of non-linear QED, in the presence of a constant and spatially uniform
magnetic field, the Cherenkov power spectrum is given by [4]
dPCher
dω
=
∫ 2pi
0
dφ
(
d2P+
dωdφ
+
d2P−
dωdφ
)
, (1)
d2P±
dωdφ
=
e2ω±β
2pi
|0 · ±|2 sin2 θ±, (2)
cos θ± ≡ 1
n±β
(3)
where β is the velocity of the charged particle which we will take to be electron, n± the
refractive index and ω± the modified photon frequency [2, 3]
n± = (1− λ±|Q|2)−1, ω± = |k|(1− λ±|Q|2), (4)
Q ≡ kˆ× (kˆ×B) (5)
with k being the photon momentum. The coefficients λ± are derived from the Euler-
Heisenberg Lagrangian in the weak field limit [5]
1
4
λ+ =
1
7
λ− =
e4
360pi2m4e
. (6)
In eq. (3), 0 and ± are the polarization vectors for the Cherenkov radiation and linearly
polarized photons in the medium respectively. Their expressions can be found in ref. [2] but
they are not important to us here. Since the refractive index is constant, the spectrum is
directly proportional to the photon frequency.
For electrons travelling parallel or anti-parallel to the photon trajectory, the condition
for Cherenkov radiation is β > 1/n±. For ultra-relativistic electrons, it becomes γ2e >
2
1/(2λ±|Q|2). Therefore, in the presence of a strong magnetic field and with the electrons
satisfying the stated condition, they will emit both Cherenkov and synchrotron radiation.
The power spectrum of the latter is given by [6]
dPsync
dω
=
33/2
4pi
e2γ4e
R
ω0 ω
ω2c
∫ ∞
ω/ωc
dη K5/3(η) (7)
where K5/3(η) is the modified Bessel function, R the radius of curvature and
ω0 =
e
Ee
|B|, ωc = 3
2
ω0γ
3
e (8)
where Ee is the energy of the electron. For ultra-relativistic electrons, the radius of curvature
can be approximated as R ≈ 1/ω0 so that
dPsync
dω
≈ 1√
3pi
e2ωc
γ2e
[
ω
ωc
∫ ∞
ω/ωc
dη K5/3(η)
]
. (9)
Above the critical frequency ωc, the synchrotron power spectrum exhibits approximate expo-
nential decay. Therefore, if one extrapolates the photon frequency beyond ωc, the Cherenkov
radiation given in eqs. (1-3) will eventually dominate over its synchrotron counterpart. How-
ever, since the photon dispersion and refractive index are derived from an effective field
theory, the extrapolation cannot extend beyond ω ∼ me and |B| ∼ m2e/e.
In astrophysical environments of interests such as pulsars, the magnetic fields are of
the order 1012 Gauss and the electrons in its vicinity are ultra-relativistic where ωc  me.
Therefore, in such scenarios, one cannot extend the Cherenkov spectrum given in eqs. (1-3)
beyond ωc. As far as eqs. (3-1) are concerned, we can only extend the photon frequency up
to ω ∼ me. In what is to follow, we will compare the Cherenkov and synchrotron emission
up to the photo-pair production threshold ω ≤ 2me and comment on what happens when
ω > 2me.
For simplicity, we take the magnetic field to be constant, spatially uniform and satisfy
the condition λ±|B|2  1. Additionally, we restrict the photon frequency to ω ≤ 2me  ωc
so that the effective field theory remains valid and we may use the approximation [7](
dPsync
dω
)
ωωc
≈ 4
3
[
e2ωc
21/3Γ(1/3)γ2e
](
ω
ωc
)1/3
. (10)
To approximate the maximum Cherenkov power spectrum, we take |0 · ±| = 1, set β = 1
and take ω± ≈ ω, λ± ≈ λ ∼ 10−32 Gauss−2. These approximations are possible because we
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are working under the condition λ±|B|2  1. To the leading order in λ|B|2, with electrons
and photons travelling normal to the magnetic field and γ2e > 1/(2λ|B|2), we get
dP (max)Cher
dω
≈ 4e2ωλ|B|2. (11)
At the photo-pair production threshold ω = 2me and ω  ωc, we obtain
dP (max)Cher
dω
/(dPsync
dω
)
ωωc
≈ (1.5× 10−22)γ2/3e
( |B|
Gauss
)4/3
. (12)
Another useful comparison is the power output up to ω = 2me. We find[∫ 2me
0
dP (max)Cher
dω
dω
]/[∫ 2me
0
(
dPsync
dω
)
ωωc
dω
]
≈ 10−22γ2/3e
( |B|
Gauss
)4/3
. (13)
Therefore, the Cherenkov radiation becomes dominant when γe(|B|/Gauss)2 & 1033. For
example, taking |B| = 1013 Gauss, we get Ee = 5 TeV and ωc = 1.8 × 107 TeV. The reason
as to why we took the upper-limit of integration to be ω = 2me is that beyond it, photo-pair
production becomes the dominant process. Consequently, photons with frequency ω > 2me
are not observable since they would be converted to electron-positron pairs. Therefore, as
far as observation is concerned, we should only consider the range 0 < ω ≤ 2me.
Here, it is also instructive to consider the rate of total energy loss by an electron due to
Cherenkov and synchrotron radiation
d
dt
(meγe) = −
[∫ 2me
0
dP (max)Cher
dω
dω +
∫ ∞
0
dPsync
dω
dω
]
. (14)
The total synchrotron power is given by [6]
Psync =
∫ ∞
0
dPsync
dω
dω =
2e4|B|2
3m2e
γ2e . (15)
This gives us
dγe
dt
= −
(
8mee
2λ|B|2 + 2e
4|B|2γ2e
3m3e
)
. (16)
For the Cherenkov radiation to make a significant contribution, the two terms on the right-
hand side must be of the same order of magnitude at a given time. For ultra-relativistic
electrons, the second term is much greater than the first. Therefore, energy loss due to
Cherenkov radiation is negligible comparing to its synchrotron counterpart.
Even though the Cherenkov radiation dominates for certain ranges of γe and |B| below
the photo-pair production threshold, actual detections of the Cherenkov radiation remains
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difficult. A common feature of Cherenkov and synchrotron radiation is that both emissions
are concentrated in a narrow cone about the path of the electrons. Let θ± ≈ θCher and
θsync be the opening angles for the Cherenkov and synchrotron radiation respectively. For
ultra-relativistic electrons, they are given by
θ2Cher ≈ 2λ|B|2, θ2sync ≈
1
γ2e
. (17)
For |B| = 1013 Gauss and γe = 107, we find θCher ∼ 10−3, θsync ∼ 10−7. In terms of the
flux density, this means that the Cherenkov radiation is about (θsync/θCher)
2 ∼ 10−8 orders
of magnitude weaker than the synchrotron radiation. For a more general comparison, we
define their flux densities to be
FCher ≡ 1
piθ2CherD
2
∫ 2me
0
dP (max)Cher
dω
dω, (18)
Fsync ≡ 1
piθ2syncD
2
∫ 2me
0
(
dPsync
dω
)
ωωc
dω (19)
where D is the distance between the source and the observer. For convenience, we rewrite
the condition for Cherenkov radiation to be
γ2e = (5X × 1031)
(
Gauss
|B|
)2
, X > 1. (20)
After some manipulations, the ratio of the flux density is given by
R ≡ FCherFsync ≈ (3.68× 10
−12)
[
(|B|/Gauss)
X
]2/3
(21)
Therefore, in most cases, the flux density of Cherenkov radiation is negligible. Specifically,
for R & 1, one requires |B| & (1017X) Gauss which is larger than the magnetic fields for all
observed sources. Strictly speaking, in evaluating the flux density, the electron distribution
should be taken into account, but we do not think it would change the conclusions.
To understand the behavior of photons above the photo-pair production threshold, it is
necessary to derive its dispersion relation and the refractive index for arbitrary frequency.
This task was carried out by Adler [3] and Toll [8] using the proper-time formalism developed
by Schwinger [5]. They found, in the presence of a constant and spatially uniform magnetic
field, the dominant process for photons with energy ω > 2me is photo-pair production
γ + (magnetic field)→ e− + e+. (22)
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Specifically, assuming the absence of photon dispersion, for |B| = 0.1m2e/e and |B| = m2e/e,
the mean free paths of photons with energy ω = 4me travelling normal to the magnetic
field are of the order 10−4 cm and 10−7 cm respectively [3]. Additionally, the refractive index
becomes complex above the photo-pair production threshold [9]
Results obtained by Adler [3] and Toll [8] suggest that in the presence of strong magnetic
fields, Cherenkov radiation is absent and synchrotron radiation is not observable beyond
ω = 2me due to photo-pair production. However, this is not the complete story since these
calculations assume the magnetic field to be constant and spatially uniform whereas in
nature, they are non-uniform and have finite spatial extent. Therefore, if the mean free path
of photons exceed the spatial extent of the magnetic field, photons with energy ω > 2me may
still escape as radiation. For a real qualitative understanding, one has to derive the photon
dispersion and the refractive index in the presence of non-uniform magnetic fields which is
beyond the scope of this letter. Nevertheless, for values of |B| and γe where the Cherenkov
radiation contribute significantly below ω = 2me, we expect photo-pair production to render
radiation emissions negligible when ω > 2me.
In summary, the production of Cherenkov radiation in strong magnetic fields is a real
and fascinating possibility. However, due to photo-pair production for photons with energy
ω > 2me, the contribution from Cherenkov radiation as compared to synchrotron radiation
is not as significant as claimed in ref. [4]. While it is conceivable that the Cherenkov power
spectrum can be extended beyond the photo-pair production threshold for non-uniform
magnetic field, we expect its contribution to be negligible when compared to the synchrotron
radiation.
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